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Problem 4

Let {P,} be a sequence of points determined as in the figure. Thus |[AP;| = 1, |P,Pyi1| = 277
and angle AP, P,,+1 is a right angle. Find limy, o0 £P,APy41.
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P

FIGURE FOR PROBLEM 4

Solution

The strategy for this problem is to assign a variable for the angle in question, write an equation
for it in terms of n, and then to take the limit of it as n goes to infinity. Let 6,, = /P, AP, 11 and
let h,4+1 be the hypotenuse of the triangle 6,, is in. These variables are illustrated below in the

figures.
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Figure 1: Problem figure with the hypotenuses and angles labeled.
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Figure 2: The nth triangle.

All these triangles have right angles, so trigonometric functions and the Pythagorean theorem can
be applied. We’ll use this equation to calculate 6,,.

on
hn+1

sinf,, =

(1)

The objective now is to find an expression for hyy1, the (n + 1)th hypotenuse, in terms of n.
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We'll start with finding hi, then ho, and try to find a pattern.
=1'+12=2 — h =2
R2=ht4+22=6 — hy=V6=v2+4
hE=h3+42=22 — hy3=V22=+2+4+42
WE=h2+82=8 — hy=186=+2+4+42+43

R2=h3+162=342 — h;=+342=1/2+4+42443 + 44

The general formula for the (n + 1)th hypotenuse is

n
24> 4k
k=1
The formula for the first n terms of a geometric series is the following.

n
Z k—1 1—r"
alr =a -
1—r
k=1

hn+1 =

This means that
. k . k—1 1—4" 4 n
dah=>"4.4 =4 =",
k=1 k=1

Thus, equation (1) becomes

2 4 1
o T\ o

Finally, take the limit of both sides as n goes to infinity.

lim sinf,, = lim =

3
n—00 n—00 9 4 1 4
2n + g L- 2n

Therefore,

n—oo
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